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Abstract
The lifting problem for homogeneous ideals is studied. A relation between a homogeneous
ideal J and its liftings is established using a syzygy basis of J . This relation is then used to
obtain an algorithm for 4nding all the liftings of a homogeneous ideal. As an application of
the algorithm, we discover the 4rst example of a homogeneous ideal of dimension 0 in four
variables which is not liftable to a radical ideal over the 4eld of rational numbers. c© 2001
Elsevier Science B.V. All rights reserved.
MSC: 13P10; 14A05; 68W30
1. Introduction
In this paper we study the following lifting problem, formally proposed in [3] and
later modi4ed in [8]:
Denition 1.1. Let J be a homogeneous ideal in the polynomial ring S = k[x1; : : : ; xn]
over a 4eld k. A homogenous ideal I in R= k[x0; : : : ; xn] is called a lifting of J over
k if
(a) x0 is not a zero divisor on R=I ; and
(b) 〈I; x0〉=〈x0〉  J under the natural k-algebra isomorphism between R=(x0) and S,
or equivalently (a) and
(b′) J = I(0; x1; : : : ; xn) = 〈f(0; x1; : : : ; xn): f ∈ I〉.
I is called a radical lifting if in addition I is a radical ideal.
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Thus the main question to be asked is
Question 1.2. When does J admit a radical lifting?
The problem is closely related to the study of “s points (or subschemes) in s-generic
positions in Pn”. The existence of a radical lifting reduces the one-dimensional ideal
generation and Cohen–Macaulay type conjectures to those for zero-dimensional ide-
als. The problem has been investigated quite extensively for the past 14 years. More
precisely the following results are known:
(i) If the cardinality of k is suHciently large, then a radical lifting of any monomial
ideal can be found (see [3,8]).
(ii) If k is 4nite, then there are monomial ideals in k[x1; : : : ; xn] that are not liftable
to a radical ideal (see [8]).
(iii) If k is a 4eld of characteristic zero and n = 2, then any homogeneous ideal is
liftable to a radical ideal (see [8]).
(iv) The complete intersection ideals are liftable to radical ideals (see [4]).
(v) There exist ideals of dimension 1 in k[x1; : : : ; xn] which cannot be lifted to a
radical ideal when n ≥ 4 and k is algebraically closed (see [7]). There the author
argues that if J is the homogeneous ideal of a zero-dimensional subscheme Z of
Pn−1 of degree d and if J is liftable to a radical ideal, then Z can be deformed into
d distinct points. This contradicts the reducibility of the Hilbert scheme HilbdPn
parameterizing the zero-dimensional subschemes of degree d, when n ≥ 3 and d
is suHciently large. For example, it is known HilbdPn is reducible for all d¿c,
where c can be chosen to be 102 if n=3, 25 if n=4, 35 if n=5, and (1+n)(1+n=4)
if n¿ 5 (see [5] for more details).
Thus, the case when n=3 remains open. No examples of dimension 0 are known when
n ≥ 4 or the 4eld k is not algebraically closed. Also other than for monomial ideals,
a general method for 4nding a lifting of a homogeneous ideal seems lacking.
Our goal is to develop such a method using elementary ideas. A relation between the
lifting problem and a homogeneous basis for an ideal is given by Robbiano and Carra
Ferro in [1]. We will develop a relation between a homogeneous ideal and the syzygy
basis of its leading forms. The combination of these two relations gives a general
method of 4nding all liftings of a given homogeneous ideal. The examples over Q for
n ≥ 4 are found as byproducts of our method because we are able to check that none
of the liftings is radical.
The paper is organized as follows. The relations between the lifting problem, the
homogeneous basis and the syzygy basis of an ideal are discussed in Section 2. An
algorithm for 4nding all liftings of a homogeneous ideal is constructed in Section 3.
Indeed we 4nd an aHne variety which parameterizes all liftings. This section contains
examples of a homogenous ideal of dimension 0 in four or more variables over Q
that is not liftable to a radical ideal. In these examples, the 4eld of rational numbers
is used and the multiplicity of the ideal is low (in contrast to Roberts’ dimension 1
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examples in [7]). We also use the algorithm to demonstrate how to search for possible
radical liftings in studying an example of a homogeneous ideal of dimension 1 in three
variables.
Ref. [6] is closely related to our paper.
2. The lifting problem and homogeneous bases
Let S = k[x1; : : : ; xn] and I an ideal of S.
Denition 2.1. A generating set F = {f1; : : : ; fr} of I is called a homogeneous basis
of I if Fh = {fh1 ; : : : ; fhr } generate I h = 〈fh ; f ∈ I〉⊂ k[x0; x1; : : : ; xn] where ?h denotes
the homogenization of ? with respect to the new variable x0.
We recall that if f=fd+fd−1+· · ·+f0 with deg(fi)=i and fd 
= 0, then LF(f)=fd
is called the leading form of f. For an ideal I of S, LF(I) denotes the ideal generated
by the leading forms of the elements of I . A set {f1; : : : ; fr} is a homogeneous basis
if and only if LF(I) = 〈LF(f1); : : : ;LF(fr)〉. Equivalently, one can show {f1; : : : ; fr}
is a homogeneous basis if for every f ∈ I , there exist a1; : : : ; ar such that f =
∑
aifi
and deg(f) = max{deg aifi: i = 1; : : : ; r}.
Lemma 2.2. Given I=〈f1; f2; : : : ; fs〉⊂ k[x1; x2; : : : ; xn]. I h=〈fh1 ; fh2 ; : : : ; fhs 〉 if and only
if for every f ∈ I there exist a1; : : : ; as ∈ k[x1; x2; : : : ; xn] such that f=a1f1+· · ·+asfs
and deg(f) = max{deg(aifi) i = 1; : : : ; s}.
Proof. Assume {f1; : : : ; fs} is a homogeneous basis. Therefore f ∈ 〈f1; f2; : : : ; fs〉
implies fh ∈ 〈fh1 ; : : : ; fhs 〉. If deg(f)= d, then deg(fh) = d. There exist homogeneous
A1; A2; : : : ; As such that fh =
∑s
i=1 Aif
h
i and max{deg(Aifhi )}= d provided Aifhi 
= 0.
Then, f =
∑s
i=1 Ai(1; x1; : : : ; xn)fi. Hence,
d= deg(f) ≤ max{deg(Ai(1; x1; : : : ; xn)fi)} ≤ max{deg(Aifhi )}= deg(fh) = d:
Conversely, if every f ∈ I is of the form f= a1f1 + · · ·+ asfs such that deg(f) =
max{deg(aifi)} for some ai’s, then it is easy to see that
fh = xm10 a
h
1f
h
1 + · · ·+ xms0 ahs fhs ;
where mi ≥ 0.
Our starting point is the following relation between a homogeneous basis and the
lifting problem (and can be found in [1]).
Proposition 2.3. Let {f1; : : : ; fr} be a set of homogeneous elements of S which
generates a homogeneous ideal J .
(a) Let qi = fi + gi with deg(gi)¡deg(fi) for i = 1; : : : ; r and I∗ = 〈q1; : : : ; qr〉. If
{q1; : : : ; qr} is a homogeneous basis for I∗; then I =(I∗)h = 〈qh1 ; : : : ; qhr 〉 is a lifting
of J . Conversely;
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(b) Let I be a lifting of J . Then there exist g1; : : : ; gr ∈ S such that deg(gi)¡deg(fi)
for i = 1; : : : ; r; {f1 + g1; : : : ; fr + gr} is a homogeneous basis for the ideal they
generate; and I = 〈(f1 + g1)h ; : : : ; (fr + gr)h〉:
The next theorem gives a necessary and suHcient condition for a generating set F
of an ideal I to be a homogeneous basis in terms of the syzygies of the leading forms
of F .
Theorem 2.4. Let I = 〈f1; : : : ; ft〉⊂ k[x1; : : : ; xn]. Let the columns of the t × l matrix
S=(sij) be a generating set of syz{LF(f1); : : : ; LF(ft)}. We may assume further that
each sjiLF(fj) is a homogeneous polynomial of the same degree for j=1; : : : ; t. Then
F = {f1; : : : ; ft} is a homogeneous basis if and only if
qi =
t∑
j=1
sjifj =
t∑
j=1
sji(fj − LF(fj)) =
t∑
j=1
ajifj
for some aij ∈ k[x1; : : : ; xn] such that deg(qi) = max{deg(ajifi): j = 1; : : : ; t} for i =
1; : : : ; l.
Proof. ⇒: Assume F is a homogeneous basis. Since qi ∈ I , qi can be expressed in
the desired form by 2:2.
⇐: Given f ∈ I , there are polynomials gj ∈ k[x1; : : : ; xn] such that
f =
t∑
j=1
gjfj: (∗)
Since some cancelations may occur on the right-hand side, deg(f)≤max{deg(gjfj)}.
Given an expression (∗) for f, let m(j)= deg(gjfj), and de4ne d=max(m(j)). Then
deg(f) ≤ d. Now, we consider all the possible ways that f can be written in the
form (∗). For each such expression, possibly diNerent d can be obtained. Let us 4x an
expression (∗) for f such that d is minimal. If it can be shown that deg(f) = d, then
LF(f) ∈ 〈LF(f1); : : : ; LF(ft)〉. This will prove the theorem.
Assume deg(f)¡d. To isolate the forms of degree d, let us write f in the following
form:
f =
∑
m( j)=d
gjfj +
∑
m( j)¡d
gjfj =
∑
m( j)=d
LF(gj)fj +
∑
m( j)=d
(gj − LF(gj))fj
+
∑
m( j)¡d
gjfj: (∗∗)
Since deg(f)¡d, deg(
∑
LF(gj)fj)¡d. Therefore,∑
m( j)=d
LF(gj)LF(fj) = 0:
De4ne
hj =
{
LF(gj); m(j) = d;
0; otherwise:
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Then (h1; : : : ; ht) is a syzygy for (LF(f1); : : : ; LF(ft)) which implies
hj =
l∑
i=1
bisji;
where bi ∈ k[x1; : : : ; xn]. Thus,∑
m( j)=d
LF(gj)fj =
t∑
j=1
hjfj =
t∑
j=1
(
l∑
i=1
bisji
)
fj =
l∑
i=1
t∑
j=1
bisjifj:
By our assumption,
qi =
t∑
j=1
sjifj =
t∑
j=1
ajifj
and deg(sjifj)¿deg(qi) = max{deg(ajifj): j = 1; : : : ; t}. Therefore, d = deg(hjfj) =
deg(bisjifj)¿deg(biajifj), and∑
m( j)=d
LF(gj)fj =
t∑
j=1
(
l∑
i=1
biaji
)
fj:
If the last expression is substituted into (∗∗), then f can be expressed as a poly-
nomial combination of fj’s, where all the terms have total degree less than d. This
contradicts the choice of d and completes the proof of the theorem.
3. A lifting algorithm and examples
Now we explain how the results in Section 2 lead to an algorithm for 4nding all
liftings of a given ideal in S = k[x1; : : : ; xn]:
Algorithm 3.1. Let J = 〈f1; : : : ; ft〉⊂ S. We de4ne polynomials gi in x1; : : : ; xn with
unknown coeHcients such that deg(gi) = deg(fi) − 1 for i = 1; : : : ; t. A basis for the
syzygy module of J can be found (for example using GrPobner basis techniques, as is
done in [2]). Let s=(s1; : : : ; st) be an element of such a basis (considered as a column
vector). Let msi be polynomials in x1; : : : ; xn and of degrees deg(gi)+deg(si)−deg(fi)
with unknown coeHcients for i = 1; : : : ; t. We consider the following equation:
s · (g1; : : : ; gt) =
t∑
i=1
msi (fi + gi):
The coeHcients of each monomial give an equation in the (unknown) coeHcients of
the gi and the msi . Repeating this procedure for each element of the chosen syzygy
basis, a system of polynomials involving the unknown coeHcients is obtained. This
system of polynomials de4nes a variety M in the ambient aHne space of all unknown
coeHcients. The variety M parameterizes all liftings of J over k. A point on M is
a solution of the system which provides us with a set {f1 + g1; : : : ; ft + gt}. This is
a homogeneous basis, by Theorem 2.4, and the homogenization of it will be a basis
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for a lifting of J by Proposition 2.3. Note that Proposition 2.3 and Theorem 2.4 also
guarantee that a lifting must be a solution of the system and thus corresponds to a
point in M.
Remark. It would be interesting to describe geometrically the locus MR in M corre-
sponding to radical liftings. Is MR a subvariety? The algorithm works eNectively when
the degrees of fi are low.
Let us use this algorithm on the following example:
Example 3.2. Let J=〈f1=x2+w2; f2=xy+zw; f3=z2; f4=y2; f5=yz; f6=xw; f7=xz〉 ∈
Q[x; y; z; w]. To 4nd the liftings, it is necessary to 4nd the polynomials, gi, of at most
degree 1 for i = 1; : : : ; 7 such that {f1 + g1; : : : ; f7 + g7} is a homogeneous basis.
Therefore, let us de4ne
g1 = a1x + a2y + a3z + a4w + a5,
g2 = b1x + b2y + b3z + b4w + b5,
g3 = c1x + c2y + c3z + c4w + c5,
g4 = d1x + d2y + d3z + d4w + d5,
g5 = e1x + e2y + e3z + e4w + e5,
g6 = h1x + h2y + h3z + h4w + h5,
g7 = k1x + k2y + k3z + k4w + k5,
where a1; a2; : : : ; k4; k5 ∈ Q.
A syzygy basis for J is generated by the columns of the following matrix:
0 0 0 0 0 0 0 −z −yz −y2 0 −xy − zw −xw
0 0 0 −z 0 −y −z w xz xy − zw −xw x2 + w2 0
0 y 0 w x 0 w 0 0 w2 0 0 0
0 0 −z 0 0 x 0 0 0 w2 0 0 0
0 −z y 0 0 w x 0 w2 0 0 0 0
z 0 0 0 0 0 0 −y 0 0 xy 0 x2 + w2
−w 0 0 y −z 0 0 x −zw 0 w2 0 0
Let us look at the 4rst column. In order that {f1+g1; : : : ; f7+g7} is a homogeneous
basis, we have to have m1; : : : ; m7 ∈ Q such that
zg6 − wg7 =
7∑
i=1
mi(fi + gi) (∗)
by Proposition 2.3.
A comparison of the coeHcients on both sides of (∗) gives equations in terms of
the unknown coeHcients:
m1 = 0; m2 = 0; m7 = k1; m6 =−l1; m4 = 0; m5 = k2; m3 = k3; m2 = k4 − l3; m1 = l4;
a1m1 + b1m2 + c1m3 + d1m4 + e1m5 + k1m6 + l1m7 = 0;
a2m1 + b2m2 + c2m3 + d2m4 + e2m5 + k2m6 + l2m7 = 0;
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a3m1 + b3m2 + c3m3 + d3m4 + e3m5 + k3m6 + l3m7 = k5;
a4m1 + b4m2 + c4m3 + d4m4 + e4m5 + k4m6 + l4m7 = l5;
a5m1 + b5m2 + c5m3 + d5m4 + e5m5 + k5m6 + l5m7 = 0:
If we do this for each column of the above matrix, we obtain a system of equations
in the unknown coeHcients.
Solving this system, one gets the following results:
g1 = a1x+ a2y+ a3z+ a4w+ a4b3− b23 + a3b4 + a2e3 +d3k2 + 2e3k3 + a1k4− k24 ,
g2 = (d2 − e3)x + k4y + b3z + b4w + b3b4 + d2k4 − e3k4,
g3 = 2b4z + b24,
g4 = d2y + d3z + b4d3 + d2e3 − e23,
g5 = b4y + e3z + b4e3,
g6 = (a4 − b3)x + k2y + k3z + k4w + e3k2 + b4k3 + a4k4 − b3k4,
g7 = b4x + k4z + b4k4;
where a1; a2; a3; a4; b3; b4; d2; d3; e3; k2; k3; k4 are free parameters. So in this case the
“moduli space” M is parameterized by an aHne space of dimension 12.
Assigning values in Q to the parameters, we obtain an ideal, say I∗, such that
LF(I∗) = J . Moreover the homogenization of {f1 + g1; : : : ; f7 + g7} with respect to t
gives a generating set of an ideal which is a lifting of J in Q[t; x; y; z; w]. As remarked
before, any lifting of J must correspond to gi’s with parameters taking some particular
values. It is easy to see that f3+g3=z2+2b4z+b24=(z+b4)
2, and z+b4 
∈ I∗. Therefore,
I∗ is not a radical ideal for any value of the parameters. Since rad(I h)= (rad(I))h, we
see that none of the liftings of J can be a radical ideal.
It is not hard to see that V (J ) = (0; 0; 0; 0) with multiplicity 8. Note that the ideal
in the example is of dimension 0 and does not have large multiplicity and our 4eld is
not algebraically closed, in contrast to Roberts’ examples in [7].
Example 3.2 can be generalized to examples with more than four variables. Let x=x1,
y= x2, z= x3 and w= x4. De4ne J ′= 〈f1; : : : ; f7; x5; : : : ; xs〉. By the construction of J ′,
elements in a basis of syz(J ) will be again elements in a basis for syz(J ′). Therefore,
equations obtained from these syzygies will give the same g1; : : : ; g7. Moreover, any
syzygy involving an fi for i=1; : : : ; 7 and a xj for j=5; : : : ; s is in the form −xjfi+fixj,
and the equation obtained from this syzygy will be of the following form:
−xjgi + fitj =
7∑
i=1
mi(fi + gi) +
s∑
j=4
nj(xj + tj);
where tj; mi ∈ Q, and nj are polynomials of degree 2. The solution to this equation is
−xjgi + fitj =−xj(fi + gi) + fi(xj + tj):
Similarly any syzygy involving only xj’s for j=5; : : : ; s is of the form −xj1xj2 + xj2xj1 ,
and the equation obtained from this syzygy has the solution
−xj1 tj2 + xj2 tj1 =−xj1 (xj2 + tj2 ) + xj2 (xj1 + tj1 ):
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Therefore, such syzygies will not give new equations for the coeHcients. This implies
that the gi will not change for i=1; : : : ; 7. Again by the above argument, no lifting of
J ′ is a radical ideal.
Our algorithm is also used in studying the following example in three variables.
Example 3.3. Let J = 〈(x + y)2; xz; yz; z2〉⊂Q[x; y; z]. To obtain the liftings of J , it
is necessary to 4nd polynomials, gi, of at most degree 1 for i = 1; : : : ; 4 such that
{f1 + g1; : : : ; f4 + g4} is a homogeneous basis. Therefore, let
g1 = a1x + a2y + a3z + a4,
g2 = b1x + b2y + b3z + b4,
g3 = c1x + c2y + c3z + c4,
g4 = d1x + d2y + d3z + d4,
where a1; : : : ; d4 ∈ Q. The technique from the previous example gives the following
result when b2 
= 0:
g1 =
(
2b3b22 − 2b1b2b3 + 2b2b4
b22
)
(x + y)
+
b21b
2
3 + b
2
2b
2
3 + 2b1b2b
2
3 − 2b1b3b4 + 2b2b3b4 + b24
b22
;
g2 = b1x + b2y + b3z + b4;
g3 =−b2x + (b1 − 2b2)y − b1b3 + b4b2 z − b2b3 +
b1b4 − b21b3
b2
;
g4 = 2(b1 − b2)z + (b1 − b2)2;
where b1; b2; b3; b4 are free parameters. It is easy to see that
f1 + g1 =
(
b2(x + y + b3) + b4 − b1b3
b2
)2
and f4 + g4 = (z + b1 − b2)2. Since {f1 + g1; : : : ; f4 + g4} is a homogeneous basis,
z+b1−b2 and (b2(x+y+b3)+b4−b1b3)=b2 cannot be in the ideal generated by these
polynomials. Hence, no lifting of J is a radical ideal when b2 
= 0. One can check that
within the “hypersurface” de4ned by b2 = 0 there are radical liftings.
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